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Abstract

The assumption of local thermal equilibrium for describing macroscopic heat transfer in a porous medium subjected
to a liquid-vapor flow with phase change has been often investigated. Under certain circumstances, this assumption
appears to be too restrictive and fails to be valid. In this paper, the method of volume averaging is used to derive a
three-temperature macroscopic model considering local thermal non-equilibrium between the three phases. A closed
form of the evaporation rate at the macroscopic level is obtained depending on the macroscopic temperatures and the
effective properties. Six pore-scale closure problems are proposed, which allow to determine all the effective transport
coeflicients for representative unit cells. These closure problems are solved for simple unit cells and analytical results are
presented in these cases. For these simplified unit cells, a comparison between averaged temperatures obtained from
direct pore-scale simulations and averaged temperatures obtained from the three-equation model has been carried out
for purely diffusive phase-change processes. A good agreement is obtained between the theory and the pore-scale

calculations. This confirms the validity and the practical interest of the proposed approach.

© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Heat transfer and fluid flow with liquid—vapor phase
change in porous media appears in a large number of
situations of practical interest including drying processes
[24], geothermal systems [71], heat-exchangers design
[46], and nuclear safety analysis [45]. For the last ap-
plication, there is a strong interest to understand and
predict the conditions for which it is possible to cool a
severely damaged reactor core.

The macroscopic description of heat transfer in a
porous medium subjected to a two-phase flow with
phase change is often investigated by the use of a single
temperature equation. While one-equation models have
been proposed recently that do not make the assumption
of local equilibrium ([48], in the case of no phase
change), the one-equation models are generally based on
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this assumption. Here, local thermal equilibrium means
that the macroscopic temperatures of the three phases
are close enough so that a single temperature suffices to
describe the heat transport process. Although the as-
sumption of local thermal equilibrium is acceptable in
many cases of unsaturated porous media with liquid—
vapor phase change, particularly for most drying pro-
cesses [69], the great simplicity of the one-equation
model regarding the effective transport coefficients cer-
tainly motivates its use. Nevertheless, the condition of
local thermal equilibrium requires numerous constraints
which have been investigated by several authors
[55,58,64,68]. For instance, this condition of local equi-
librium is no longer valid when the particles or pores
are not small enough, when the thermal properties
differ widely, or when convective transport is impor-
tant. Moreover, when there is a significant heat gener-
ation in any of the phases, the system will become
rapidly far from local thermal equilibrium [38]. Finally,
it must be noticed too that local thermal equilib-
rium becomes uncertain for situations involving rapid
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Nomenclature

Apy B,y = g,¢,s, By interface contained within
the averaging volume, m? _

bg, B,y = g,4,s, vector that maps (TB)B onto T,
m

G, heat capacity, Jkg™' K~!

pC, volumetric heat capacity, Jm— K~!

dfi B,y =g, ¢s, non-traditional convective
transport coefficient, Wm=2K~!

h enthalpy per unit mass, Jkg~!

hf;“ B = g, ¢, enthalpy per unit mass for the f-

phase at the saturation temperature, J kg~
<hﬁ>ﬁ B = g, ¢, s, intrinsic average enthalpy for the

B-phase, Jkg™!

ﬁﬁ B =g, ¢ s, deviation enthalpy for the -
phase, Jkg™!

h[:," B,v,0 = g,¢,s effective heat transfer coeffi-
cient, Wm— K-!

k thermal conductivity, Wm™' K~!

K, B,y =g¥,s, effective thermal dispersion
tensor, Wm~! K-!

I; i=1,2,3, lattice vectors used to describe a
unit cell, m

I B =g, ¢ s, pore-scale characteristic length
for the B-phase, m

L macroscopic characteristic length, m

] mass rate of evaporation, kgm=3s~!

ng, B,y=g,¢s, unit normal vector directed
from the p-phase towards the y-phase,
Ngy = —Nyp

o radius of the averaging volume, m

r position vector, m

Spi scalar that maps (7;)" — 7% onto T,

S saturation, S = & /¢

t time, s

T B =g, ¢,s, temperature in the f-phase, K

(TB>B B =g, ¢,s, intrinsic average temperature for
the B-phase, K

Ty B =g, ¢,s, deviation temperature for the f-
phase, K

st saturation temperature, K

ug, B,y =g,¢,s, non-traditional convective
transport coefficient, Wm™2 K~!

Vg B = g, £, velocity in the B-phase, ms™!

(V;a}ﬁ B = g, ¢, intrinsic average velocity for the -

phase, ms™!

(vg) B = g, ¢, superficial velocity for the B-phase
(vp) = ep(vp)", ms~!

Vg B = g, ¢, deviation velocity for the B-phase,
ms~!

v averaging volume, m?

Vs volume of the B-phase contained within the
averaging volume, m*

w speed of displacement of the liquid—vapor

interface, ms~!

Greek symbols

Ah heat of vaporization, Jkg™!

P density, kgm™?

n viscosity, Nsm™2

&g B =g, ¢, s, volume fraction of the B-phase
e porosity, e =1 — &

W, volumetric heat source, Wm™>
Subscripts

g gas, vapor

L liquid

s solid

Superscript

sat saturation

evaporation—condensation processes. A typical example
of this situation is the water flooding of an overheated
porous bed in the framework of severe nuclear reactor
accidents analysis. For such extreme conditions, a one-
temperature description is inadequate to describe cor-
rectly both the transients associated with the quench
front penetrating the hot dry porous layer and regions
where dryout occurs. The first situation is analogous to
the melt jets fragmentation problem where large tem-
perature differences between phases exist and can only be
dealt with by using a non-equilibrium approach [3,13].
The second situation corresponds to the prediction of
critical dryout heat flux. For one-dimensional flows, the
one-equation description of this problem has received
considerable attention, see for instance [45,62]. For two
and three-dimensional flows, the situation is quite dif-

ferent because hydrodynamic effects seem to play a more
important role and lead to large thermal non-equilibrium
which have been observed experimentally [6]. A com-
prehensive analysis of these non-equilibrium effects has
not yet been achieved. This emphasizes the need for the
development of non-equilibrium theories to describe
complex two-phase flows in porous media.

When the assumption of local thermal equilibrium
fails to be valid, one possible solution to model such
cases is to develop separate transport equations for each
phase. This leads to macroscopic models which are re-
ferred to as non-equilibrium models. Such models tend to
become more and more popular in heat and mass
transfer problems [31,50] involving large thermal or
chemical constraints. For transport through a two-phase
material, non-equilibrium models have been proposed
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under the form of two-equation models. Such models
have been studied extensively and the effective transport
coefficients which appear in the macroscopic equations
have been calculated for many pore-scale configurations,
see for instance [53]. The validity of a two-equation
description has been examined in details for the transient
behavior of purely diffusive problems using a quasi-
steady [58] and an unsteady two-equation model [8,47].
The first corresponds to a macroscopic model for which
effective coefficients are constants while the latter cor-
responds to time-dependent effective coefficients which
may be necessary if memory effects are important. This
problem has also been addressed by comparing the
quasi-steady two-equation model with a mixed formu-
lation [32] which consists of an averaged equation for
the phase with the highest conductivity coupled with a
pore-scale equation for the other phase. Results of these
studies indicate that the quasi-steady two-equation de-
scription is sufficient to obtain a good approximation of
the problem provided thermal diffusivity ratios and
temperature variation frequencies are moderate.

The problem of a two-phase flow in a porous medium
with local thermal non-equilibrium has received less
attention from a theoretical point of a view. A three-
equation model has been developed by Petit et al. [52]
using the method of volume averaging. However this
model does not take into account the phase change
process. On the other hand, three-equation models have
been proposed heuristically such as [2,13,44,51]. As was
emphasized by Quintard et al. [53], heuristic approaches
lead to intuitive macroscopic models and this may lead
to erroneous interpretations since these models are not
derived from pore-scale transport equations through
some scaling-up theory. In particular, no comprehensive
approach regarding the pore-scale physics is available
for the determination of the effective transport coeffi-
cients, such as the heat exchange coefficients that appear
in those three-equation models. These transport co-
efficients could be determined experimentally but this
represents a very challenging problem, especially for
non-trivial situations such as those encountered in nu-
clear safety problems. We refer the reader to [32,34,43]
for an illustration of the experimental difficulties asso-
ciated with the estimate of the effective transport coef-
ficients. Darcy’s scale velocities and liquid volume
fraction measurements in two-phase flows are made es-
pecially difficult and sometimes impossible in a porous
medium because standard optical techniques or devices
(optic fiber) cannot be used in most cases of interest
(small pores, opaque particles). As a consequence, data
to obtain effective properties correlations are very diffi-
cult to obtain. Owing to these experimental difficulties,
effective properties of heuristic models are often
extrapoled from existing correlations established in the
case of single phase flow through porous media and two-
phase flow in pipes. Heat exchange coefficients are also

determined by using correlations based on boundary
layer theory such as [9] but it has been shown [53] that
such correlations do not necessarily provide good ap-
proximations. For instance, they often do not take into
account the diffusive regime that occurs at low Péclet
number, or they do not take into account the impor-
tance of the thermal conductivity ratio. Therefore, it
appears to be important to determine the effective
transport coefficients on the basis of a comprehensive
analysis of the relationship between the pore-scale
physics and the macroscopic description.

The purpose of this paper is to deal with the deri-
vation of the macroscopic thermal energy transport
equations in a porous medium subjected to a liquid—
vapor flow with phase change using the method of
volume averaging and considering local thermal non-
equilibrium between the three-phases. On the basis of a
steady-state closure of the problem at the microscopic
scale, the method of volume averaging leads to a com-
prehensive generalized macroscopic three-equation
model. One of the originalities of this study lies in the
derivation of a closed form of the mass rate of evapora-
tion at the macroscopic level depending on the three
average temperatures and on the effective properties. Six
pore-scale closure problems are provided that allow to
determine all the effective transport coefficients for unit
cells representative of the porous medium under con-
sideration. In this paper, we focus our attention on
simple one-dimensional unit cells for which analytical
solutions can be obtained. For these simplified unit cells
and for purely diffusive processes with phase change, we
performed comparisons between the macro-scale model
and numerical simulations at the pore-scale. For a
heating problem and a temperature relaxation problem,
we present comparisons between the theoretical and the
numerical solutions for both the macroscopic temper-
atures and the liquid volume fraction evolutions.

2. Pore-scale problem

The problem under consideration corresponds to
heat transfer in a three-phase system as represented in
Fig. 1. We consider the flow of a liquid and its vapor in a
rigid porous structure. The solid is identified as the s-
phase, the liquid as the /-phase, and the vapor as the g-
phase. It is assumed that the physical properties of the
fluids do not change strongly with temperature.

In this paper, we will adopt the drastic assumption
that the two-phase flow problem can be decoupled from
the heat transfer problem and can be solved indepen-
dently. As a consequence, the velocity of the two phases
will be assumed to be a known field. The two-phase flow
macroscopic description has been extensively studied
from up-scaling theories and the reader can refer to
[7,41,67] for a detailed analysis of the problem. In those
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papers, a quasi-static theory has been proposed which
neglects the effects associated with the possible rapid
changes of the two-phase interface. In other words, if we
assume that we know the position of the interface, the
theory says that the form of the macro-scale equations is
equivalent to extended generalized Darcy’s laws. In this
case, multiphase permeabilities and capillary pressure
relationships can be determined from the pore-scale
description. In practice, however, this is only useful if
the assumptions made concerning the interface geometry
are physically acceptable. Otherwise, the position of the
interface must be determined by solving problems that
are similar to the original two-phase flow problem, which
is an extremely difficult task even in the case of moder-
ately complex porous structures. We acknowledge that
the above decoupling assumption may be too drastic in
many situations, especially in the case of intense boiling,
and this will require further analyses involving direct
simulation over a significant number of pores. We be-
lieve, however, that even with this assumption, the dis-
cussion below opens interesting perspectives as far as
non-equilibrium models are concerned.

We begin by the pore-scale boundary value problem
that describes the mass transfer process

0

% + V- (pg¥g) =0, in the g-phase (1)
ve =0, at Ay ()
Ng - (Vg — W) =Ny - p, (Ve — W), at Ay (3)

V= 07 at Ay (4)
0p, - .
o T V- (pv;) =0, in the {-phase (5)

Here w is the liquid—vapor interface velocity, ny repre-
sents the unit normal directed from the ¢-phase towards
the g-phase and Ay, is the ¢—g interface. On the other
hand, the pore-scale heat transfer problem in the three-
phase system is described in terms of the following
governing differential equations

0p,h
pagt £ 4V (pgheve) = V- (kVT,), in the g-phase
(6)
Opohe _ ;
o + V- (pheve) =V - (k,VT,), in the {-phase (7)
0pshs .
%St =V (kVT)+ws, in the s-phase (8)

where @, represents a constant homogeneous volumetric
thermal source in the solid phase. Here we have
neglected compression work, viscous dissipation and
radiation exchange. The boundary conditions at the
liquid-solid and vapor-solid interfaces express conti-
nuity of both temperatures and heat fluxes

Ty =T, Mg -k,VT, =ng-kVT, at Ay )
I =T ng- kNT, =mny - kVT,  at Ay (10)

The boundary conditions at the liquid-vapor interface
are more complex because phase change takes place at
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this interface. It is quite reasonable to assume that the
vapor phase is in thermodynamical equilibrium with the
liquid phase at the ¢-g interface. This basically means
that the interface temperature is fixed at the equilibrium
saturation temperature 7°*. Under these circumstances,
the boundary conditions at the liquid—vapor interface
are written as

T, =T, =T atd, (11)
Ny - (—kg VT, + pghy(vg — W)
=1y, - (—kVT, + pohe(ve — W) at Ay, (12)

As pointed out by Quintard and Whitaker [57] in an
analog case for mass transfer processes, the condition
(11) is referred to as local thermodynamic equilibrium and
does not have to be confused with the assumption of local
thermal equilibrium. In addition to Egs. (10)—(12),
boundary conditions at the entrances and the exits of the
medium and initial conditions must be prescribed in or-
der to solve the problem and we refer to [70] for their
treatment.

3. Volume averaging

In this paper, our objective is to develop a three-
temperature macroscopic model using the method of
volume averaging. In this method, an averaging volume
¥V is associated with every point in space as illustrated in
Fig. 1. Then, the macroscopic transport equations can
be obtained by averaging the pore-scale transport
equations over this volume. The length scale constraints
required in the method of volume averaging are dis-
cussed in details elsewhere [18,55] and here we note only
that the averaging volume must be large compared with
the pore-scale characteristic lengths 4, ¢, and /¢ but
small compared to the macroscopic characteristic length
L. For some function y; associated with the B-phase, we
define two different averages, the phase average (/) and
the intrinsic phase average (zpB) These two averages are
defined according to

/l//BdV \pﬁ = /!//ng

(W) = ep(y)” (13)

in which ¥} represents the volume of the B-phase con-
tained within the averaging volume and &g is the volume
fraction of the PB-phase (e; + & + & =1). The point
values ¥ in the B-phase are related to the intrinsic phase
average <¢B> and the pore-scale deviation lpﬁ according
to Gray’s [33] spatial decomposition

WB = <WB>B + l/;[s (14)

3.1. Mass transport

Before dealing with the averaging process associated
with the heat transport problem, we first recall the vol-
ume averaged forms of the continuity equations. We
simply list below the major steps leading to the macro-
scopic forms, more details can be found in [69]. The
volume averaging of the pore-scale mass transport
equations (1) and (5) leads to

0eg(py)® 1

AV ) = / Ny - py(Ve —W)dd (1)
Age

g, 1

TV (plvi) = -+

V//“ nig'pé(vﬁ_w)dA (16)

ot

where we have made use of the general transport theo-
rem and the spatial averaging theorem [66]. We define
the mass rate of evaporation 7z according to

. 1
m:—V/ Ny - Py (v, —w)d4 (17)
Jay

Because of the boundary condition Eq. (3), this defini-
tion leads to the following continuity macroscopic
equations

Oegp,
24T (pylve)) = (18)
LT () = (19)

where (v,) and (v,) are the superficial or Darcy’s velo-
cities. In these equations, it has been assumed that both
the liquid and vapor phase densities do not vary sig-
nificantly within the averaging volume. As a consequence,
the point densities p, and p, can be identified w1th the
intrinsic phase average densities (p,)® and (p ). How-
ever, it must be noted that neglecting variations within
the averaging volume does not mean that the densities
will be constants at the macroscopic scale [69]. To be
explicit about this point, (p,)® is replaced in the macro-
scale equations by

</’g>g = pg((Pg>gv (Tg>g) (20)
3.2. Energy transport

We are now ready to form the phase average of
Egs. (6)—(8). Starting with the pore-scale thermal energy

equation for the g-phase, we form the phase average to
obtain

Once again we ignore variations of the physical prop-
erties within the averaging volume. The application of



618 F. Duval et al. | International Journal of Heat and Mass Transfer 47 (2004) 613-639

the general transport theorem and the spatial averaging
theorem leads to

0p,(hg) 1
ga—tg + V- (pghgVy) + 7 / Ny - phy(vy — w)d4

Age

1
:V~<kgvrg>+;/ ny - kVT,d4

Ay

1
+—/ Ny, - k,VT,d4 (22)
Vi

One can follow previous studies [18,33,61,73] in order to
express Eq. (22) as

Ozepy (he)* .
% +V- (Sgpg<hg>g<vg>g) +V - (pyhete)

1
+ 7 / Ny - phy (Vg —wW)d4

Ay

1 ~
=V- <8gkgV<Tg>g + I_/ / nggkngdA

Ay

1 _
+;/ ngskngdA> — Ve, -k V(T)E
Ags

1 ~ 1 ~
+—/ ng[-kgVngA+—/ ny - k,VT,d4
V' Jay V' Jag

(23)
Here we have used the following spatial decompositions

hy = (hg)* +ﬁgv T, = (T)* + ?gv Ve = (vg)* + ¥,

(24)

It is beyond the scope of this paper to recall the devel-
opments leading to Eq. (23) and we refer the reader to
the literature cited above for a complete analysis. Using
the macroscopic mass transport equation for the g-phase
equation (18), one can obtain a more convenient form of
the left hand side of Eq. (23) given by

€ M+ V() 4V - (p,hg¥
gpg al pg<vg> < g> + <pg gvg>
1
g [ palhe = )0 - (25)
Age

At this point, we express the point enthalpy—temper-
ature relationship as

hy = 3 + Cpe (T, — T*) (26)
he = h* + Co(T, — T) (27)
hy = Cps T, + 1 (28)

Ignoring variations of the physical properties within the
averaging volume, these relations lead to the following
relations for the g-phase intrinsic average and the g-
phase spatial deviation

(he)® = 1y + Cpe((Te)* — T™) (29)

hy = Cpe T, (30)

We refer here to [36] for a more detailed treatment of the
constraints leading to such an average enthalpy—tem-
perature relationship. From Egs. (29) and (30), expres-
sion (25) takes the form

AN S (I R (AR EAY)

g [ me 06 Tt~ waa (31)

The last term of Eq. (31) represents a phase change term
and it can be written explicitly in term of the mass rate
of evaporation . To do so, we first remark that the g-
phase temperature can be decomposed according to Eq.
(24) and one can use this decomposition in order to
express the thermodynamic equilibrium boundary con-
dition (11) as

T, =T~ (T, on 4y (32)
When both (7,)* and the saturation temperature are
removed from the integral of expression (31), we can use
the mass rate of evaporation definition Eq. (17) to ex-
press the phase change term as

1 ~
7w (0C) Tive — wyaa
ol
= _mcpg(Tsat - <Tg>g) (33)
where we have again ignored variations of the physical
properties within the averaging volume. We can now use
Eq. (33) with expression (31) in the left hand side of Eq.

(23) to obtain the following form of the volume aver-
aged energy transport equation for the g-phase

4 (0Cy), (a(gf)g

- rhC,,g(Ts"” - <Tg>g)

=V (ggkgva@g"’l/
V- Ja

1 _
+;/ ngskngdA> — Ve, -k, V(T,)®
Ags

+(rgE v<Tg>g) LV (06, (TiT))

llg[kg ?g d4
¢

gl

1 ~ 1 ~
+;/ ng[-kgVngA—l—;/ llgs'kgVngA

Ayt s
(34)
Equations similar to Eq. (34) are available for the /-

phase and the s-phase, and they are written below
without further development
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a(0Cy), <a<§;’> ) vm%) £V (G AT

+mCy(T™ —(T))")

1 _
=V- (6[kgv<Tg>[ + ; / nggkgT( d4
¢

A'g

L f = :
+ = / nyskyTg dA) - VS[ : k1V<T[>é
v Ags

| _ -
+—/ né‘g-kIVT[dA+—/ n[s'klvadA (35)
an v

J A

T
SS(:DCI?)S <at>

1 ~
=V <askSV(Ts>s + —/ nyk, T, dA
V /i,

1

+—/ nsgkj’sdA> — Ve, - kV(T,)°
V Jay

+l/ ny»-ksVidAJrl/ ng - kVT.d4 + & (w,)°
V' Ja V.

Asg

(36)

4. Closure

Since the temperature deviations appear in the aver-
aged transport equations (34)—(36), one needs to develop
boundary value problems for these deviations. To ob-
tain a governing equation for the deviation Tg, we return
to the pore-scale transport equation (6), introduce
Gray’s decomposition equation (14), and subtract the
result from Eq. (34) divided by ¢,. The resulting pore-
scale equation for T, is written as

oT, ~ N
(pCp)ga—tg + (f’cp)gvg VT, + (pcp)gvg : V<Tg>g

— &'V ((pCy) (Te¥e)) + & ' G (T — (T)¥)

- I
—1
— V- (VT &'V <;/A
1 -
+; Ag&ﬂgskngdA

L l/
g Vv y

This result can be simplified by estimating the order of
magnitude of its different terms. This has been done for
instance by Carbonell and Whitaker [18] and Quintard
and Whitaker [55,61]. According to these previous de-
velopments, on the basis of the length-scale constraint
¢y < L, we can simplify Eq. (37) to obtain

ng[kg Tg d4

&

_ 1 _
ny kg VT,dA + / Ny, .kgVngA>
7

g Ags

(37)

oT, ~ -
(PCp)gG_tg + (pCy)gVe - VT + (pCp)Ve - V(Ty)*

+ Sglmcpg(Tszlt —(Ty)®)

~ 1 ~
=V (kVT,) —¢,' (V /A ng - k,VT,d4
gl

+% ng - kgngdA> (38)

Jdgs

Similar governing equations can be obtained for T,
and T, following the same procedure. Boundary condi-
tions for the spatial deviations can be derived from
boundary conditions (9)—(11) using spatial decomposi-
tions such as the one given by Eq. (14).

At this point, to obtain a macroscopic description of
the three-phase system, we need to solve simultaneously
the macroscopic transport equations (34)—(36), together
with the pore-scale boundary value problem for the
deviations Tg, T, and T.. This leads to a more complex
problem and thus motivates us to make some simplifi-
cations and to construct an approximate solution.

All these simplifications will be discussed on the basis
of the more exhaustively studied two-phase system case.
First we will dismiss the case of local thermal equilib-
rium for which a single temperature treatment can be
used, and we refer the reader to the literature on the
subject for an approximate solution of the coupled
micro-scale and averaged equations (see for instance
[37,56,70] for an approach using the theory of volume
averaging or [15,16,29] for a treatment using the homo-
genization theory). Non-equilibrium situations in the
case of purely diffusive systems has received a lot of
attention. In this discussion, we will make use of the
literature about thermal diffusion, but also on works
based on the equations describing the flow of a slightly
compressible fluid [21], which have the same mathe-
matical structure. The elements of the discussion are
summarized below.

Given the nature of the coupled equations, there is a
strong potential for the solution showing non-local be-
havior in space and time [12,23,39], i.e., the solution of
the coupled equations features historical behavior in-
volving the history at all points within the domain. All
the literature is about approximate solutions to avoid
such a complicated treatment. The first approximation
historically used led to a fully macro-scale model in-
volving two macro-scale equations [10,18,55,58,73]. This
development implies a quasi-steady treatment of the
deviation equations, i.e., the time derivative is formally
suppressed in these equations. The temperature devia-
tions are expressed by linear combinations of the aver-
aged source terms, i.e., temperature gradients and
temperature differences involving mapping scalar and
vectors that are given by a series of quasi-steady closure
problems. As a consequence, the resulting effective
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coefficients are not time dependent, and some historical
effects are lost in this analysis. The implications of these
assumptions have been studied on the basis of a com-
parison with numerical experiments [40,47,55,58], and
these have shown that such two-equation models are
satisfactory under a wide range of practical situations.

If one needs to incorporate in the analysis more
transient phenomena, several possibilities are offered.
Within the framework of two-equation models, transient
effective properties may be used. Different ideas have
been put forward, and they are discussed in some detail
in [40,47]. The proposal by [47] involves transient clo-
sure problems. An alternate route has been proposed by
[14], the resulting representation of the deviations is
similar to the quasi-steady representation with addi-
tional terms involving time derivatives of the source
terms. More advanced modelling of the transient be-
havior would require mixed models featuring one aver-
aged equation for the high conductivity phase, coupled
with a micro-scale equation for the low conductivity
phase with a mixed boundary condition involving the
averaged temperature on one side and the micro-scale
temperature on the other side [4,5,8,26]. This approach
would be extremely complex in practice since it would
require fine gridding of one of the phase.

As a conclusion of this literature review, and given
the complexity of the three-phase problem under con-
sideration in this paper, we believe that the first attempt
should follow the lines of the quasi-steady analysis. This
theory has already been extended to the two-phase flow
problem with convection [18,42,43,53,73] and with homo-
geneous and heterogeneous heat sources [61]. It has been
also applied to the three-phase flow problem without
phase change [52].

First, we simplify the transport equations for i"g and
T, by making the assumption that the interface evolution
at the pore level is quasi-static. Such an assumption is
classically made for pore-scale moving boundary prob-
lems [20,57,60] and it basically means that velocities and
interfaces are stationary at the pore-scale compared to
other relaxation times. In addition, we make the as-
sumption that the mass rate of evaporation has a negli-
gible impact on the temperature deviations and as a
result it is discarded in the governing equation for both
fg, Eq. (38), and T,. This assumption as well as the quasi-
static description will be partially discussed in Section 7.
Finally, we simplify the governing equations for the de-
viations by imposing the following constraints so that the
fg, T, and T,-fields can be treated as quasi-steady

kyt* kot kst

> 1, 1, 2 o1 @39
VAN AR Vo YN YA N )

in which #* is the characteristic process time. Under these
circumstances, one can discard the temporal derivatives
at the closure level. These constraints as well as their

impact are discussed in detail in [53,55] for two-phase
systems and here it will be assumed that they are satis-
fied for the three-phase system under consideration.
Under these circumstances, the pore-scale boundary
value problem for the deviations simplifies to

(PCy)yVe - VT, + (pCp) Ve - V(T,)* =V - (k,VTy)
N e

source

I _ .
—3;1 —/ ng/'kgngdA“l‘_/ ngs'kgVngA ’
V Ag 14 Ags

in the g-phase (40)
T, =T —(T,)%, at Ay (41)
—_———

source

To=T— (I - 1)+ (L)~ T, atd,  (42)

source source

N - kV Ty = Ny - k VT,
— Ny K V(T,)E +ng - kKV(T),  at Ag

(43)
(pCp)¥e - VT + (pCy) e - V(T))' =V - (kVT,)
—_—
a1 ~ 1 r ~
_84 — H/g'k[VT[dA+_ n(s'kKVTKdA 9
V Agg 4 Ags
in the ¢-phase (44)
Tg =T - <T[>[, at Aég (45)

—_———

source

T,=T+(L) - T") - (1) = T%), atds  (46)

source source

Ny - k[VT[ = Ny * kSVTS
1y - V(T —ng -k V(T at A

(47)
0=V (kVT,)
a1 ~ 1 ~
—& | = ny - kVT,d4 + — ng - kVT,d4 |,
v Ast 4 Asg
in the s-phase (48)

Here we have decomposed the boundary conditions
in a convenient form in order to introduce the phase
change temperature. In this problem, we have identified
SiX terms as macroscopic source terms since they act as
generators of the spatial deviation temperatures [61].
Given the six sources in the closure problem, we can
follow previous studies [18,53,55,73] and the above dis-
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cussion to express the spatial deviation temperatures in
terms of the macroscopic source terms according to the
following linear representation

Tg = —S}i«ﬂ)é _ Tsut) _ S§1(<Tg>g _ Tsat)
- Sfi(<TS>S - Tsat) + bgé . V<TZ>[ + bgg ! V<Tg>g
+ by - V(T) (49)
Tg = —sﬁi(<T£>f _ Tsat) _ sgi((ﬂ;)g _ Tsat)

— SG(T)° = TY) + by - V(T})" + by - V(T,)®
+ by - V(T (50)

Ts = _Szl(<T/>[ _ Tsat) _ S;j(<Tg>g _ Tsat)
- sZi((TS)S - Tsat) + bsl ) V<Té>[ + bsg : V<Tg>g
+by - V() (51)

The variables sj;, by, etc., are the closure variables or the
mapping variables that realize an approximate solution
of the coupled equations. We remind the reader that in
doing so we have neglected in the analysis possible
transient phenomena as well as second order terms in
the above expansions, and numerical experiments will be
required to test the applicability of the given approxi-
mations. A limited validation will be proposed later in
this paper in the case of purely diffusive problems. The
nomenclature used for the mapping scalars is such that
the superscript always identifies the phase in which the
function is defined, while the subscript always indicates
which temperature difference is being mapped onto a

spatial deviation. For example, sj; refers to the scalar

field that maps ((7;)" — T**) onto T, where the subscript
1 refers to the interface temperature 7°*. For the
mapping vectors, the first subscript always identifies the
phase in which the function is defined, while the second
subscript always indicates which temperature gradient is
being mapped onto a spatial deviation. For example, by,
refers to the vector field that maps V(7,)" onto T.

The closure variables are solution of six pore-scale
boundary value problems, the so-called closure prob-
lems, which are given in appendix. When solving the
closure problems, it is assumed that the porous medium
can be represented by a periodic system as shown in Fig.
2. In this case, the period stands for the averaging vol-
ume and closure problems have to be solved over rep-
resentative unit cells of the three-phase system under
consideration with periodic boundary conditions. The
interested reader is referred to [53,55] for a full discus-
sion about the use of periodic unit cells and its validity
regarding ordered and disordered systems.

It is important to keep in mind that the quasi-steady
assumption implies that the closure variables, and the
effective properties are calculated for different, arbitrary
velocity fields and interface topology but do not take
into account the historical evolution of liquid-vapor
interfaces, for instance the effects of moving contact
lines. Some history effects associated to transient diffu-
sion can eventually be recovered with an unsteady clo-
sure as previously discussed (see for instance [47]) for
two-phase systems in the purely diffusive case. Results of

{1

Fig. 2. Unit cell of a spatially periodic model of a porous medium.
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this study indicate that the steady-state closure is suffi-
cient, in most cases, in comparison to the more com-
plicated case of the unsteady closure. Such a result
cannot be applied directly to the three-phase systems
with liquid—vapor phase change mainly because the two-
phase flow problem is considerably much more com-
plicated. Therefore, an extension to this work appears to
be a challenging problem and seems to be premature.
While we have discussed the historical effects associated
with transient diffusion, we are now in a position to
discuss the historical effects associated to the moving
interfaces. Assuming the geometry of the interface at a
given time fixes the volume fractions and the solution of
the closure problems, i.e., the effective properties, which
we will denote at this time as K.¢. The theory gives re-
lationships such as

= {0 &

and this is not equivalent to
Ko = Kerr (e, - - ) (53)

which would give a fully closed theory. In principle,
different history of the interface evolution may lead to
the same volume fractions with very different effective
properties values. This important effect must be checked
in future developments. At this time, we will remember
that the functional dependence K = Ker(er,...) We
may construct is entirely associated to the assumption
made for the phases repartition.

5. Closed form of the averaged equations

Given the representations Eqs. (49)—(51), we are now
in a position to obtain a closed form of the macroscopic
transport equations (34)-(36). For the g-phase, use of
the representation for Tg Eq. (49) in the volume aver-
aged equation (34), leads to the following closed form

(0, ST 4 (0t - VT

— V(7)) = 7] = V- [ ((T)% = 7]
= V() = T — uge - V(T)* —ug - V(L)'
- “gs V(L)
Kgg V( g> + Kgl : V<Tl>[ + Kgs ' V<TS>S)
- v"g kgV(Te)® — mCpp((Ty)* — T*)
— (W + BE)UTY" = 1) = (W + B ((T)* = 1)
— (B + 1) (1) = T (54)

In this equdtion the effective transport coefficients such as
K,,, he v » etc., are related to the pore-scale physics through
the six closure problems given in appendix. The defini-
tions of these coefficients are also reported in appendix.
K., K, and K, refer to the effective thermal dispersion

tensors. They have a contribution from both conduction
and hydrodynamic dispersion, and are defined by Eqs.
(B.1)—(B.3). It must be noticed that the expressions for the
thermal dispersion tensors take explicitly into account the
boundary conditions at the liquid-vapor interface that
appear in the closure problems. The thermal dispersion
tensor K, is referred to as the dominant thermal disper-
sion tensor while Ky, and K, are referred to as the coup-
ling thermal dispersion tensors [61]. In Egs. (B.2) and
(B.3) given in appendix, the first two terms represent
contribution from tortuosity while the last term repre-
sents the hydrodynamic thermal dispersion contribution.
The dominant thermal dispersion tensor has an addi-
tional contribution from thermal diffusion represented by
the first term in Eq. (B.1). Because their form is similar to
the traditional macroscopic convective term, the three
transport coefficients u,, uy and uy in Eq. (54) are called
velocity-like coefficients and are defined from closure
problems IV, V, VI by Egs. (B.10)—~(B.12). The other ef-
fective properties are characteristic of non- equilibrium
models [18,53,55,73]. The three effective coefficients df,
d, and d§ represent the so-called additional velocity-like
coefficients and are defined by Egs. (B.13)—(B.15). Here
again, these coefficients are defined in accordance with
the boundary conditions at the closure level. The others
coefficients that appear in Eq. (54) hif , etc., are the heat
transfer coefficients and are defined directly from clo-
sure problems I, II, III. Equations analogous to Eq.
(54) describe the intrinsic phase average temperatures for
the /-phase and the s-phase, and these equations are given
by

o0G) Gt W
V(T - T - V(R T
V() -
—us - V(L)
V- (K- V

5] — u - V<Tg>g —uy - V(TO[

V(T)* +Ki - V(T)) +Ke - V(L))
— Ve, - k(T + mCy((T))" — T
— (hE + H)T) = T) = (B + W) (TE) — ™)
— (hg +h3) (1) — ) (59)

&(pCp), a<aTj> — V- [@,(T) — T

=V dy((T)* = )] = V- [d5 ()" — 7]

— Usg - V<Tg> — Uy - V<T«”>Z — U - V<Ts>s

=V Ky VT + Ky - V(T) + K - V(L))
— Ve - kV(T) — (B + B ((T)" = T)
— (B + K5 (T)® = T) — (W} + h$) (L) — T
+ &(@) (56)
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Compared to the traditional heuristic models, the cou-
pling between the three equations appears to be much
more complex not only because of the distribution of
inter-continuum heat fluxes but also because of addi-
tional diffusion-like and convective-like coupling terms.
We expect thermal dispersion tensors and heat exchange
coefficients to be the dominant contributions in Egs.
(54)-(56). Analytical expressions for the additional
convective terms are given in appendix in the case of a
simple stratified unit cell and results show that the lon-
gitudinal components have a negligible contribution
compared to the traditional term (v,) - V(T,)® as was
observed in [57]. However it is not clear whether these
additional convective terms are of some importance in
practical cases. For two-phase materials, Zhang and
Huang [74] have calculated analytically these terms for
two simplified unit cells and have studied their impact in
a two-equation model. It is shown that the effects of the
additional convective terms may be important or insig-
nificant depending on the unit cell considered and the
authors conclude that the importance of these terms
remains to be examined for more complex unit cells. On
the other hand, Quintard et al. [53] have calculated nu-
merically the closure problems associated with a two-
equation description for two and three-dimensional unit
cells. The results indicate that the non-traditional terms
might be important for a limited range of the cell Péclet
numbers. The closure problems IV, V, VI given in ap-
pendix provide a framework to determine the velocity-
like coefficients that appear in the three-equation model
but in this paper we follow [52] and we assume that the
additional convective terms do not play a very impor-
tant role in the heat transfer process. If we adopt this
simplification, the three-equation model may be written
as

(0G) S (pCy), ) - VT

= Ve kV(T)* — mCpy((T)* — T™)
— (B +BE)TH)" = 1) — (W + ) (T)* = 1)
)

= (W + W) = 1) (57)

14
0G5 (o) v VAT

=V Ky V(T)* + Ky - V(T))' + K5 - V(L))
— Ve -k V(T) +mCp((T))" = T)
— (e +h3) (T = T — (b + h)(Ty)* = T

= (W + BT = T (58)

T
88(pcp)s <at>

=V Ky V(T)* + Ky - V(T))' + Ky - V(L))
= Ve, -k V(L) — (B + BE((T)" = T)
— (B + BE)((Te)® — T — (S + B¥)((T)° — T*)
+ &5 (@)’ (59)

We recall that Egs. (57)—(59) constitute a simplified form
of the three-equation model where it has been assumed
that the non-traditional convective terms have a negli-
gible impact on the macroscopic heat transfer process.
At this point, the main difference between Eqs. (57)-(59)
and the traditional three-equation models appears
through the crossing thermal dispersion tensors. From a
practical point of view, it is often assumed that the dif-
fusive terms can be lumped into a single term in each
transport equation, for instance for the g-phase:

Ky V(L) + Ky - VIT)' 4 K- V(L) ~ K - V(T)*
(60)

This assumption greatly simplifies the numerical treat-
ment of the coupled macroscopic transport equations
and is largely used in practical applications of two and
three-equation models. The simplification represented
by Eq. (60) is obviously valid when the macroscopic
temperature gradients are sufficiently close to each
other. Such a condition, referred to as local gradient
equilibrium [58], is rather difficult to evaluate. It has
been shown for a two-equation description [55] that the
diffusive lumping Eq. (60) represents a good approxi-
mation for macroscopic one-dimensional problems but
it is beyond the scope of this paper to repeat the analysis
for the three-equation model.

6. Closed form of the mass rate of evaporation

We recall that the liquid—vapor interface temperature
is fixed at the equilibrium saturation temperature and
thus the boundary condition, Eq. (12), is an auxiliary
condition that can be useful to determine the mass rate
of evaporation. Using the mass balance equation (3), we
first arrange the enthalpy jump condition Eq. (12) as

ng - [)g(hg — h[)(Vg — W) =Ny - (kgVTg — k[VT‘é), at A[g

(61)
We focus on the left-hand side of Eq. (61) and we in-
troduce the point enthalpy-temperature relationships

(26) and (27) using the boundary conditions Eq. (11),
this leads to

Ny - pg(hg — he) (Vg — W) = g - p,AR(Vg — W), at Ay
(62)
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where Ah = kg — b represents the latent heat of va-
porization. Using this result and ignoring variations of
Ah within the averaging volume, the mass rate of
evaporation definition Eq. (17) allows to express the
area average of the left-hand side of Eq. (61) as

1 .
7 / Ny - py(hg — he)(vy — W) dd = —rAh (63)
Ag

At this point, we have developed the auxiliary condition
Eq. (12) to obtain the following expression for the mass
rate of evaporation at the macroscopic level

1
mAh = / ny - (kVT; — kVT,)dA (64)
A

gl

This result clearly indicates that the determination of the
phase change rate m is equivalent to the calculation of
heat transfers between fluid phases.

When using a thermal equilibrium model, the situa-
tion is quite different. The assumption of thermal equi-
librium is rather useful, even though it cannot exist
strictly. Heat transfers between the phases are assumed
to be infinitely fast compared to other phenomena.
When local thermal equilibrium is assumed to be valid,
the three-phase system can be described by a single
spatial average temperature (7) and the following
approximation can be used (T) ~ (T,)* ~ (T))' ~ (T.)".
Particularly, when phase change occurs in a single-
component three-phase system, the thermodynamic
equilibrium condition Eq. (11) implies that the two-
phase region is nearly isothermal, that is (7') ~ T*'. As a
consequence, the thermal energy equation is replaced by
an equation for the liquid volume fraction in the two-
phase region while the energy equation represents a
temperature equation in the single fluid phases. Such a
formulation has been proposed by Wang and Becker-
man [65] on the basis of the so-called two-phase mixture
model. For steady one-dimensional two-phase flow in-
duced by volumetric heating, this model reduces to the
Lipinski model [45] which has been extensively used to
study debris bed coolability in the framework of severe
nuclear reactor accidents analysis. For such a model, the
energy equation reduces to m = (w,)/Ah in the isother-
mal two-phase region, while 7z = 0 must be specified for
(T) # T** in the single fluid phases to describe for in-
stance post-dryout heat transfer [22].

In the case of a two-temperature model, it is generally
assumed that both liquid and vapor phases can be de-
scribed in terms of a single fluid average temperature
(T)" [63] such as (Tp)' ~ (T,)® ~ (T;)', that is local
thermal equilibrium between fluid phases. In this case,
owing to the thermodynamic equilibrium condition, one
has again during phase change (7;)' ~ T**. A similar
development as for the one-temperature model allows to
simplify the fluid energy equation in the two-phase re-
gion as mAh = hy((T;)° — T*) where hy is the fluid to

solid heat transfer coefficient. It must be kept in mind
that this expression applies only to regions where both
the liquid and vapor volume fractions are non-zero and
once again s must be set to zero in the single fluid
phases when (T;)° # T in the case of a constant heat
transfer coefficient. This expression for the mass rate of
evaporation has been used for instance by Décossin [25]
within the framework of a heuristical two-equation
model that does not make the local thermal equilibrium
assumption but assumes that the liquid phase is nearly
isothermal in equilibrium with the phase change tem-
perature. In this sense, this model can be viewed as a
three-temperature two-equation model. If one returns to
traditional two-equation models, it must be noted that
the two-temperature description cannot take into ac-
count overheating and undercooling of the fluid phases
and also the associated evaporation and condensation
respectively owing to the assumption (7,)® ~ (T,)". This
contrasts with the use of a three-temperature description
for which the heat flux to the fluid may have three dif-
ferent effects. This heat flux may indeed heat or cool
both the vapor and the liquid phases and induce evap-
oration or condensation. Because of this, it is not pos-
sible to obtain a simple expression of the phase change
rate as for one and two-temperature models. Some
authors overcome this problem by considering only the
two macroscopic continua associated with the fluid
phases and, as a result, they propose the following form
for the mass rate of evaporation [3,51]:

AR = hg((Ty)% — TY) + hs((T,)" — T%) (65)

This relation is the simplest form that reflects the esti-
mate of the right-hand side of Eq. (64) but indicates that
heat transfers with the solid phase have a direct impact
on the fluid temperatures and only an indirect impact on
the evaporation rate. It appears as a particular case of a
more general formulation which should take the form

A= g () = T*) + ha((T})' = 1)+ hy(1)° = T)
(66)

Such a formulation involving the three macroscopic
driving temperature differences has been proposed by
Berthoud and Valette [13] and Likhanski et al. [44] on
the basis of a heuristic approach. In the approach pro-
posed in these references, the expression for s is derived
in a consistent manner with the non-equilibrium terms
that appear in the macroscopic thermal energy transport
equations. The problem comes from the distribution of
the macroscopic heat flux between the three continua
(i.e. hyi, hy and hg). It depends, as a first approximation,
on the distribution of contact area and we refer to the
introduction of this paper for the difficulties associated
with the determination of macroscopic heat fluxes.

In this paper, we follow the same idea developed in
[35,60] to obtain a closed form of the mass rate of
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evaporation using the method of volume averaging. We
recall that s is given by Eq. (64) and we now focus on
the right-hand side of this relation. First, we decompose
the point temperatures 7, and 7; according to Eq. (14)
using the representations for the spatial deviations
temperatures 7, and 7, given by Eqs. (49) and (50).
Then, from the definition of the effective transport co-
efficients, the right-hand side of Eq. (64) takes the form

1
= / Ny - (k/VT( - kgVTg) d4
V' Jay

1
- / ngdd - (k V(T — kgV(T,)®)

— (s +ete) - VIT)* — (eff + ) - V(T
— (¢t + &) - V()" + (i + hE)((T)" = T)
(S + BT = T + (R + B (T = T
(67)
After extensive use of the boundary conditions at the
liquid—vapor interface that appear in closure problems I,
IL, IIL, IV, V, VI and from the definitions of the velocity-
like coefficients, one can simplify this result and we fi-

nally arrive from Egs. (64) and (67) at the following
closed form of the mass rate of evaporation

A = (k,Veg — %) - V(T,)* + (kVe, —u;) - V(T,)
+ (K Ve, —ul) - V(L) + (f + 1) () = T
R — 1) 4 01 4 (T — 7

(68)
where we have adopted the following notations:
U, = U + Ugy + Uy, Uy = Uy + Uy + Uy,
Ul = Uy + Uy + U (69)

One may notice that when the volume fraction gradients
and the pseudo-convective contributions are negligible,
the mass rate of evaporation given by Eq. (68) takes a
form similar to those proposed in heuristic models.

7. Discussion

The three macro-scale equations, Egs. (54)-(56),
obtained from the volume averaging theory represent a
generalized quasi-steady three-equation model for the
macroscopic description of two-phase flow heat and
mass transfer in porous media in the case of local ther-
mal non-equilibrium. We recall here that the word
quasi-steady refers to the fact that the effective transport
coefficients depend on the physical properties as well
as the pore-scale geometry but do not include some
possible history effects. The methodology used to de-
rive the macro-scale model has two important fea-

tures. First, starting from the pore-scale description,
the use of an up-scaling theory allows to clearly identify
the main difficulties associated with the macro-scale
description. The second feature that represents a great
advantage of the method is to provide closure problems
that give an explicit relationship between the lower
scale and the upper scale. This allows to determine
all the effective coefficients from the pore-scale descrip-
tion.

Regarding the difficulties associated with the macro-
scale description, we first briefly recall below the main
approximations that have led to the fully closed three-
equation model.

1. First, assuming that the heat transfer problem could
be decoupled from the two-phase flow problem, we
have made the assumption that the flow was quasi-
static meaning that liquid—vapor interfaces behave
as stationary at the pore-scale.

2. Next, on the basis of the coupled equations formed

by the macro-scale averaged equations and the
micro-scale ones and neglecting the impact of the
phase change rate, we have proposed a quasi-steady
approximation which consists in representing the spa-
tial deviations as a first order expansion of the mac-
roscopic source terms.

Hence, it is clear at this point that the three-equation
model has limitations which correspond to the approx-
imations listed above and we present below some com-
ments concerning the use of these approximations.

e While the quasi-static approximation may be physi-
cally relevant for some transport processes with
phase change in porous media (see for instance
[17]), it is obviously quite debatable for liquid—vapor
systems especially for local thermal non-equilibrium
situations. However, its impact on the quality of
the macroscopic description still remains an open
question. Indeed, as indicated in Section 2, the quasi-
static approximation is fully consistent with the usual
generalized Darcy’s laws which produce nevertheless
a satisfactory description of the macroscopic behav-
ior over a large range of problems involving non-qua-
si-static conditions. A possible explanation would be
a spatiotemporal ergodicity for which the spatial av-
erage over a given elementary volume containing a
lot of interfaces would lead implicitly to a time aver-
age of the interface movements and as a result they
would evolve as quasi-static. A complete analysis
on the domain of validity of a quasi-static theory rep-
resents obviously an extremely challenging task.
Here, we just note that, from a practical point of
view, a quasi-static theory may produce satisfactory
results even for situations involving non-quasi-static
flows.
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e When looking at the coupled problem for the
averaged temperatures and deviations, even if the
quasi-static approximation leads to important simpli-
fications from the macro-scale description point of
view, it must be noted that the phase change rate still
remains at the closure level. This is clear when return-
ing to the definition, Eq. (17), for the mass rate of
evaporation and by noticing that even if the quasi-
static approximation allows to neglect the impact of
the speed of displacement of the interface, the liquid
or vapor velocity at the liquid—vapor interface is not
necessarily zero. At this time, we are not ready to ex-
amine the significance of the phase change rate at
the closure level mainly because of a lack of quanti-
tative data. Hence, we have decided here to neg-
lect the impact of the phase change rate on the
spatial deviations in order to obtain a first approxi-
mate solution of the coupled problem. We acknowl-
edge that such a simplifying assumption may result
in underestimated macro-scale heat transfers but we
insist on the fact that this does not mean that the
phase change rate is neglected at the macroscopic
level.

e While we have discussed some inherent difficulties in
multiphase up-scaling problems, we now turn to the
quasi-steady approximation represented by Egs.
(49)—(51) which leads to the fully closed averaged
equations. As previously discussed in Section 4, the
quasi-steady description corresponds to a first order
approximation of the mixed micro-scale macro-scale
problem without accounting for memory effects. A
direct consequence is that macro-scale heat ex-
changes between continua are written as the product
of a constant heat transfer coefficient and a driving
force represented by an averaged temperature differ-
ence. This rough description of the transient behavior
is based on the fact that the spatial deviations in Eqgs.
(40)—(48) are assumed to evolve as quasi-steady in
comparison to the averaged values. This is expressed
by the constraints (39) involving a characteristic time
of the process under consideration. Hence, a more
thorough knowledge of this characteristic time is
required to examine the validity of a quasi-steady de-
scription. Unfortunately, following previous develop-
ments conducted in a purely diffuse case [59], the
validity of these constraints appears rather obscure.
Furthermore, numerical experiments carried out for
two-phase systems [58] have shown a strong impact
of the pore-scale topology as well as phase reparti-
tion, impact which is difficult to take into account
through some time or space characteristic scales. As
a result, a general discussion about the validity of
the constraints (39) is extremely difficult and, in most
cases, the validity of a quasi-steady approximation is
examined through pore-scale numerical simulations.
In this work, we will follow the same approach and

we will test the theory versus pore-scale numerical ex-
periments.

Giving these approximations, the resulting macro-scale
equations may be seen as a generalization of existing quasi-
steady three-equation models obtained from a heuristic
approach. As noticed in Section 5, the main differences are
the existence of additional terms represented by diffusion-
like and convection-like terms and a coupling between the
macroscopic continua that seems to be more complex
through cross-dispersion and cross-convection terms as
well as macro-scale heat exchanges. One of the attractive
features of the proposed three-equation model lies in the
derivation of a closed form of the evaporation rate at the
closure level without any additional phenomenological
relation. This form has been obtained in a way which is
fully consistent with the approximate solution proposed at
the closure level and it is interesting to note that it exhibits
some links with those proposed in heuristic models.
Moreover, it can be shown [27] that this three-equation
model is fully compatible with the two- and the one-
equation models without any additional relations between
the effective coefficients, especially the heat exchange co-
efficients. We recall here that the two-equation model re-
fers generally to the one obtained when the fluid average
temperatures, liquid and vapor, are assumed to be very
close to each other. This corresponds to the most standard
case but obviously other two-equation models can be
obtained. Even if it is premature to perform a full com-
parison with the usual three-equation models, the pro-
posed macro-scale description is certainly improved
mainly because of the additional terms and a more com-
plex coupling between the averaged equations. On the
other hand, the price we have to pay for this improved
description is the increased number of the effective trans-
port coefficients. Here, a great advantage of the up-scaling
theory lies in the possibility of determining all these coef-
ficients from pore-scale characteristics through the solu-
tion of the six closure problems.

As indicated in Section 4, the closure problems have
to be solved over a representative unit cell of the system
under consideration. This unit cell should be as complex
as needed to take into account as many informations as
possible concerning the characterization of the system
(e.g. matrix structure, liquid—vapor interfaces topology,
two-phase flow regime, etc.). Dealing with very complex
unit cells represent a very complicated task and goes
beyond the scope of this paper. In order to perform a
preliminary test of the theory, we present in this paper a
study of relatively simple unit cells, which will provide
first estimates of the effective properties. Moreover, we
will see in the next section that it is rather easy for these
simplified geometries to test the theory versus direct
pore-scale simulations. Some results are presented in
appendix for a stratified system and a capillary-like
porous structure. The corresponding unit cells are
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shown in Figs. 10 and 12 and are denoted as the strat-
ified and the Chang’s cells respectively. For such unit
cells, two typical phases repartition may be considered,
namely the s—¢-g and the s—g—¢ repartitions. The first
is classic for non-saturated media and refers to liquid
being the wetting phase while the latter is more specific
to boiling situations such as film boiling and refers to
vapor being the “wetting” phase. As expected, for a
given volume fraction ¢, there is a strong impact of the
phases repartition on the effective properties. This em-
phasized the difficulties that one may encounter when
dealing with a fully closed theory as discussed in Section
4. Indeed, when performing macro-scale calculations,
one is faced with the problem of determining the most
relevant repartition on the basis of some macro-scale
selection criteria. An analysis about the meaning of each
repartition for the stratified cell is carried out in [27] by
returning to the pore-scale temperature fields through
the representations (49)—(51) and by discarding the
macroscopic temperature gradients. In this case, it is
shown as first approximation that the s—/—g configura-
tion corresponds rather to condensation situations while
the s—g—¢ one corresponds rather to vaporization situa-
tions. From a practical point of view, this analysis sug-
gests that both the volume fraction ¢, and the sign of the
difference between (T;)* and the saturation temperature
would be possible candidates to play the role of a se-
lection criterion. Although this analysis is quite limited
owing to the simplifying assumptions and the simplicity
of the stratified unit cell, it is instructive and it can serve
as a starting point to develop useful transition laws for
the effective coefficients. The interested reader is referred
to [11] and [30] for some practical illustrations involving
macro-scale calculations.

To complete the above discussion, we now turn back
to the determination of the effective coefficients for more
complex unit cells than those considered in this paper.
As previously mentioned, the unit cell can be in principle
as complex as needed to capture most of the features of
a real system. For such more sophisticated unit cells, the
route to obtain the effective coefficients is as follows:

(i) for a given periodic unit cell which defines the geo-
metry for the solid phase, solve first the two-phase
flow problem to provide the required velocity field
and the interface topology,

(ii) then solve numerically the six closure problems and
compute the effective coefficients.

Here, one must keep in mind that this route lies
within the framework of a fully closed theory and as a
result, the calculations are carried out for various arbi-
trary liquid volume fractions and macroscopic velocities
or pressure gradients as well as phases repartition but
without being interested in the historical evolution of the
liquid—vapor interface. While the fully closed theory has

its previously discussed limitations, it remains of a great
practical interest and it can serve to assess the impact of
several pore-scale parameters on the effective coeffi-
cients. Returning to the route (i)—(ii), the first step can be
carried out by performing a direct numerical simulation
of the two-phase flow over the periodic unit cell. This
can be accomplished by means of some well known ef-
ficient methods for simulating small-scales interfacial
phenomena such as front-tracking, volume-of-fluid or
diffuse-interface methods. This methodology clearly il-
lustrates the interest of the up-scaling approach since
one can study the impact of several pore-scale charac-
teristics on the basis of a detailed description of both the
geometry and the pore-scale two-phase flow structure.
Such developments are currently under way to generate
numerical data for various pore-scale configurations and
we refer the reader to [27] for some illustrations. From
these calculations, our objective is to develop numerical
correlations for the effective coefficients that can be used
for macro-scale applications. While the approach is very
attractive since it links the behavior of the effective co-
efficients with an accurate description of the pore-scale
physics, it must be pointed out that there are some
limitations regarding the complexity of the unit cells
owing to the evident computational limitations. In
practice, the use of a two-phase flow direct numerical
simulation is tractable for unit cells containing a rela-
tively small number of pores ranging typically from one
to around ten pores. From a practical point of view, this
may have important consequences regarding the be-
havior of the effective coefficients. Indeed, previous
works in the case of contaminants transport in porous
media [1,57] suggest that such unit cells may produce an
extremely complex behavior (e.g. highly non-linear be-
havior versus the liquid volume fraction and the cell
Péclet numbers, velocity orientation effects, etc.) while
more complex, random, geometries involving thousands
of pores may greatly simplify these complex features. It
is beyond the scope of this paper to address this problem
but several strategies can be develop to deal with very
complicated geometries such as ensemble averaging of
obtained results on simple geometries or as proposed by
Ahmadi et al. [1] the use of network models. Both ap-
proaches, simple and complex geometries, open very
interesting perspectives and call for further studies.

8. Numerical experiments for purely diffusive phase-
change problems

The validity of the macro-scale three-equation model
can be addressed according to two different ways,
through laboratory experiments or through numerical
“experiments”. The former refers to comparisons with
available experimental data while the latter uses direct
pore-scale calculations as a reference solution. In both of
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them, comparison is preferably performed in terms of
averaged temperatures owing to the evident complexity
associated with the experimental determination, or the
direct estimation from micro-scale calculations, of the
effective properties.

While comparisons with laboratory experiments rep-
resent obviously an important stage that cannot be
overlooked to assess the quality and the contribution of
the proposed macroscopic description, the analysis is
made limited mainly because of the difficulties associated
with the experimental measurements as pointed out in the
introduction. A typical illustration of these difficulties lies
in the flooding of a heat-generating porous bed which
represents a problem of considerable interest in nuclear
safety studies. Indeed, even though experimental results
reveal large macro-scale temperature differences, these are
rather difficult to determine from a quantitative point of
view. As a result, available experimental data for this class
of problems are often restricted to some overall quantities
of interest at the scale of the sample such as the critical
dryout heat flux or the steam flow rate at the top of the
bed. Other difficulties mentioned in the previous section
are encountered when dealing with full macro-scale cal-
culations and comparisons with laboratory experiments
for real systems. It is beyond the scope of this paper to
deal with these difficulties and we refer the reader to
Béchaud et al. [11] and Fichot et al. [30] for a detailed
analysis and for practical applications using the proposed
three-equation model.

On the other hand, numerical experiments consisting
of pore-scale calculations used to determine averaged
temperatures represent very good tests for the theory
because pore-scale characteristics can be controlled pre-
cisely. To be more clear, numerical experiments provide
the most direct test of the theory since the pore-scale
equations are solved directly in the absence of some ad-
justable parameters.

Following the methodology outlined in Quintard
et al. [54] in the framework of two-equation models, we
focus here on purely diffusive processes with phase
change and we perform comparisons between the theo-
retical predictions using the three-equation model, and
the average of the direct solution of the pore-scale
equations for both the stratified and the Chang’s unit
cell presented in appendix. It must be emphasized that
the theoretical computations and the pore-scale ones
are carried out in a completely independent manner.
Therefore, such a comparison represents a strong test of
the proposed model and allows us to investigate the
impact of some of the simplifications that have been
made at the closure level.

8.1. Solution of the macro-scale equations

Even though purely diffusive processes with phase
change represent a very simplified case of what occurs in

real systems, the macro-scale problem remains quite
complicated in the sense that we must solve the three-
equation model together with the macro-scale mass and
momentum transport equations. In order to facilitate
the numerical experiments and to focus on the thermal
up-scaling problem, we assume the phase change does
not involve significant changes in pressure and hence we
impose the constraint of a constant pressure. In addition
we require that there is a constant macroscopic density
for both the vapor and the liquid phase so that p, =
p, = p. Under these circumstances, the three-equation
model supplemented by a governing equation for the
liquid saturation S = ¢/¢ is sufficient to describe the
whole macroscopic behavior. The liquid saturation gov-
erning equation can be obtained from either the vapor
continuity equation (18) or the liquid continuity equa-
tion (19) and reads
S (70)

ot o
On the other hand, if we make the additional assump-
tion that the system is infinite in all direction so that
there is no gradient of the averaged temperatures, the
three-equation model simplifies to

O(T,)®

g (p Cp) g %

= _mc;g(<Tg>g _ Tsat) _ (hgil n hi?)“Tg)g _ Tsat)

— (A + B)((T) = T (71)
(G, ST = (T~ T) — KET) T
1)
o(ny

&s(pCy), ot
=hg(T)* = T) + hG ()" — T) + &{oy)°  (73)

Here the quantities C,, and C,, denote fictitious heat
capacities calculated from the volumetric heat capacities
(pCy), and (pC,), respectively, divided by the common
density p. This definition allows us to maintain physical
values of the thermal diffusivity for both the vapor and
the liquid phase under the assumption of a constant
density. Finally, neglecting the macroscopic temperature
gradients, the phase change rate appearing in Egs. (70)—
(72) reduces to

mAh = th(<T[>[ _ Tsat) + hg“Tg)g _ Tsat)
+ R (L) = T (74)

In these equations, we will use the appropriate heat ex-
change coefficients obtained for the stratified and the
Chang’s unit cells. In writing Egs. (71)—~(74), it must be
noted that some additional simplifications of the heat ex-
change coefficients arose because we have focussed on the
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vapor-wetting pore-scale configuration denoted as s—g—¢
in the appendix. This is due to the fact that the considered
tests consist in evaporation processes and as indicated in
Section 7, this corresponds to a vapor-wetting case.

8.2. Numerical solution of the pore-scale equations

In this section we describe briefly how we obtain the
pore-scale temperature fields that will be averaged to
produce the reference values for the numerical experi-
ments. We recall here that under the previously listed as-
sumptions the numerical experiments focus on pore-scale
Stefan-like problems. At the pore-scale, the one-dimen-
sional heat-diffusion moving boundary value problem is
solved numerically using an enthalpy method. Hence, the
micro-scale problem to be solved is formulated as

GJZET) =V (kVT) + y,m,, inV (75)
n-V7 =0, atdlV (76)
T(t=0)=T1, (77)

in which ¥V is the volume of the unit cell and v; is the
s-phase indicator function. In these equations, the volu-
metric enthalpy #, the temperature and the conduc-
tivity are distributions defined in accordance with the
thermal properties of the three phases. In Eq. (75), the
A (T) function is defined as #(T) = (pC,),T in the solid
phase while the enthalpy-temperature relationship reg-
ularization proposed in [28] is used in the liquid and the
vapor phases:

pCy T + # exp ( — —'TA_Tijl , T <™

H(T) = pCp 5 + pAh + pCSEg(T — T
,%exp<7\TAﬁTT} \>7 T>Tsat

(78)

where AT~ and AT are the liquid-vapor front spread-
ing parameters. Using a similar regularization for the
conductivity distribution, the enthalpy equation is dis-
cretised by an implicit finite element method and is
solved by a Newton’s method. Because of the considered
unit cells symmetry, direct computations have been
performed on the half-cell 0 <y < H/2 for the stratified
unit cell and 0 <r< R for the Chang’s unit cell. It is
beyond the scope of this paper to describe the whole
numerical method and we refer the interested reader to
[27] for a detailed presentation. Here we will just note
that the spreading parameters have been adjusted with
grid refinements to achieve convergence results.

8.3. Comparison between theory and pore-scale simula-
tions

Two numerical experiments consisting in a heating
and a temperature relaxation problems were carried out

Table 1
Parameters for experiments with 7%* = 373 K and Ak = 2.2 x
10° Jkg™!

Unit cells &s £ [m]

0.6 0.01
Densities [kgm™] Pg 0y 0y

1000 1000 7000
Volumetric heat (PCp)y (pCy), (pCp)s
capacities Jm =K' 2x103 42x10°  3.5x106
Thermal conductivities &, ke ks
Wm' K] 0.025 0.68 17

for the unit cells shown in Figs. 10 and 12. The pa-
rameters for these experiments are listed in Table 1.
Both the solid volume fraction & and the solid phase
characteristic length ¢; are the same for the two unit cells
considered but it must be pointed out that the unit cells
characteristic lengths are different because of ¢, = He
for the stratified unit cell and 4, = 2R,/ for the Chang’s
unit cell.

The first experiment looks at a heating problem
starting with a saturated medium S = 1, local thermal
equilibrium between the three phases, (T,)% = (T})" =
(T.)* = T*, and volumetric heating in the solid phase
(ws)* = 107 Wm~3. The second experiment looks at a
temperature relaxation problem starting with an unsat-
urated medium without heating but with an initial ther-
mal non-equilibrium such as (7,)' = T, (T,)® = (T,)' +
30 K and (T})° = (T;)" + 60 K. Using a linear profile for
the initialization of the pore-scale temperature field in
the vapor phase, the corresponding saturation values for
the stratified and the Chang’s unit cells are S = 0.9 and
S ~ 0.88 respectively. Before looking at the results, it
must be noticed that the “experimental” front position is
obtained indirectly by reconstruction from the temper-
ature field because of the use of an enthalpy method.
The (7,)®-experimental value is computed from both this
front position and the temperature field. As a conse-
quence, both the reference saturation and the reference
(T,)® evolutions show some minor oscillatory behavior
which is an inherent characteristic of the enthalpy
method.

The comparison between the theoretical solutions
(T,)® and (T;)* obtained from the three-equation model
and the reference values obtained from the pore-scale
direct solution are reported in Figs. 3 and 4 for the first
experiment and in Figs. 5 and 6 for the second experi-
ment. For both experiments, the average liquid tem-
perature (7,)" remains constant during the process at a
value (T;)' = 7% and is not plotted. The theoretical
prediction and reference saturation evolutions versus
time are reported in Figs. 7 and 8 for the heating and the
relaxation experiments respectively. These results show
that theoretical values are in very good agreement with
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Fig. 3. Stratified unit cell: heating experiment (exp. 1).
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Fig. 4. Chang’s unit cell: heating experiment (exp. 1).

“experimental” values despite the fact that both exper-
iments are strongly unsteady and the thermal diffusivi-
ties are highly contrasted. Obviously, the parameters
used for these experiments are not fully consistent with a
liquid—vapor system because of our simplifying as-
sumptions and as a result these experiments are mainly
illustrative. Nevertheless, these simple tests allow us to
illustrate the good behavior of the proposed approxi-
mate solution of the coupled micro-scale and macro-
scale equations and the validity of the non-equilibrium
model. These also confirm the practical interest of the
three-equation model to deal with overheated porous
structure reflooding problems where such large macro-
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Fig. 5. Stratified unit cell: relaxation experiment (exp. 2).
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Fig. 6. Chang’s unit cell: relaxation experiment (exp. 2).

scale temperature differences are expected (see for in-
stance [49,72]). We must remind the reader that this is a
partial validation obtained for purely diffusive processes.
Work is under way to obtain direct numerical simula-
tions with convection processes.

In obtaining these results, one should keep in mind
that we have used the appropriate heat transfer coeffi-
cients obtained by solving the closure problems. At this
point, one may ask the question whether other coeffi-
cients would also give a correct answer ? In order to
clarify this point, we have repeated the heating experi-
ment for the stratified unit cell by multiplying the coef-
ficient h:’f by a factor three. The results are reported in
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Fig. 7. Saturation evolution versus time for the heating ex-
periment (exp. 1).
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Fig. 8. Saturation evolution versus time for the relaxation ex-
periment (exp. 2).

Fig. 9 in terms of the g-phase and s-phase macro-scale
temperature evolutions versus time. Here again the ave-
rage liquid temperature is not plotted because it re-
mains equal to the saturation temperature during the
process. The results show a significant difference when
comparing to the original results obtained with the ap-
propriate heat transfer coefficient. This clearly illustrates
that the macro-scale behavior cannot be correctly cap-
tured with a priori estimates of the heat transfer coeffi-
cients and emphasizes the interest in using an up-scaling
theory.
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Fig. 9. Time evolution of the macro-scale temperatures from
the three-equation model for the heating experiment on the
stratified unit cell. Comparisons between the appropriate value
for A and the a priori estimate 345

9. Conclusion

In this paper, the method of volume averaging has
been used to derive a macroscopic model describing heat
transfer processes for liquid—vapor flows with phase
change in porous media. Under the classical quasi-
steady and quasi-static assumptions at the closure level,
the resulting macroscopic model is a three-equation
model involving relevant non-equilibrium terms in
which the saturation temperature appears explicitly. An
attractive feature of the scaling-up theory lies in the
derivation of a closed form of the evaporation rate at the
macroscopic level depending on the macroscopic tem-
peratures and the effective properties. The effective
transport coefficients are related to the pore-scale
physics through six closure problems that have to be
solved for representative unit cells. These closure prob-
lems have been solved for simple unit cells to provide
first estimates of the effective properties. For these unit
cells and for purely diffusive processes, theoretical pre-
dictions of the three-equation model and numerical ex-
periments are in very good agreement. This provides
support for the assumptions and the simplifications that
have been made at the closure level and illustrates the
practical interest of the three-equation model.
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Appendix A. Pore-scale closure problems

The pore-scale closure problems are obtained by in-
troducing the representations (49)—(51) into the gov-
erning equations for the deviations (40)—(48), collecting
all terms proportional to the six macroscopic source
terms such as ((T;)" — T"), V(T,)%, etc., and setting the
coefficients equal to zero. On the basis of the represen-
tations for the deviations, it must be emphasized that the
three conditions (7,)% = (T,)' = (T.)° = 0 require that
the intrinsic phase average of the closure variables are
equal to zero, this provides additional relations for the
closure problems.

The first three closure problems are the boundary
value problems associated with the mapping variables
for ((T,)" — T, ((T,)® — T™) and ((T.)* — T*), these
problems are listed below.

Problem L. ((7,) — T) mapping
(pCp)gVe - Vst = kg V7s5 — &, ! (h% 4+ k), in the g-phase

(A.1)
S%i = 07 Sﬁi = 17 at AZg (AZ)
N - ks Vs), =Dy - k,Vsh, st =), at Ay (A3)

(pC,) Ve - Vst =k Vst — e, (B +K5), in the f-phase
(A.4)

n - kngji =ny -k Vs, sfi =sy+1, at A, (A.5)

0=k Vs, — &' (B + k), in the s-phase (A.6)
Periodicity: s5(r+ 1) =sh(r), s&(r+1) =s%(r),
spr+ 1) =su(r), i=1,2,3 (A7)

<Sﬁi>£ =0, <S£1> =0, <SZ>S =0 (A8)

We have adopted the following notations

Average:

k : .k ,
= [ e vaa =T [ v
V /. , v, ,
8t 8s
(A.9)
k o ko |
nE ==L / ng - Vsidd, hS == [ n,-Vsda
V Agg V-Azfs )
(A.10)
o ks s
= [ mae v =,
Ase
Kk,
hjf:—/ ny - Vsjdd = —h (A.11)
v ,

Problem II. ((7,)® — T%*) mapping

(PCp)gVe - Vst =k V7s% — &, ' (k% + k%), in the g-phase

(A.12)

si=1, s3=0, atd, (A.13)
Ny -k Vsy =Ny - kg Vsy, sy =sy + 1, at A
(A.14)
(PCp) Ve - Vst = ki Vs — e, (g + 1), in the £-phase
(A.15)
N -k Vs =My - kVsy, sy =5y, at Ay (A.16)

0=k V’sy — &' (hy +hy), in the s-phase (A.17)

Lo, o B

Periodicity: sy(r+ 1) = s4(r), sg(r+14) =s5(r),
sy(r+ 1) =s3(r), i=1,2,3 (A.18)

Average: (si)' =0, (£)¥=0, ()°=0 (A.19)

We have adopted the following notations

k k
4 s
n =t [ ongwstaa, = / g, - Vst dA
Age Ags
(A.20)
=S [ g vsida, ws =% [ n v
gi*V y g gi ) gi*V y s gi
lg fs
(A21)
hE = ks Ny - Vsi.d4d = —h%
gi V - Sg gi gi
s kS . S s
hy = 7 /A ny - Vs dd = —hy (A.22)
st

Problem IIL. ((7;)* — T°*) mapping
(pCp)gVe - Vs = k V2s% — sg'l (hi[ +4%), in the g-phase

(A.23)
s£=0, si=0, atd, (A.24)

N - kVsS =g -k, Vsh, s§=s%—1, atd, (A25)

(pCp) Ve - Vs =k, Vsl — ¢! (hﬁlg +H4%), in the ¢-phase
(A.26)

ng - kVsh =ng kG Vsh, shi=si -1, atds (A27)

S1 S1

0= k2% — &' (h¥ + k), in the s-phase (A.28)

Periodicity: s4(r+ 1) =s5(r), s&(r+1) =s5(r),
sSr+1)=s4(r), i=1,23 (A.29)
Average: (s5) =0, (s8)¥=0, (s3)°=0 (A.30)

We have adopted the following notations

k k
B =2 / ng - Vsidd, n&=-=2 / n, - Vs&d4
V Ja, v/,

(A31)
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.k k
hE= | me s Vsidd, WG =1 / n - Vs dd
Ags

S1
V' Jay

(A.32)
S kS S
hf == [ ng-Vsidd=—h%,
V i,
B =2 / ng - Vs dd = —h§ (A33)
Ase

The closure problems IV, V, VI are the boundary
value problems associated with the mapping variables
for V(T,)%, V(T;)" and V(T.)*, these problems are listed
below.

Problem IV. V(T,)* mapping

(PCp)gVe - Vb + (pCy)y Ve = ke Vbge — ' (€5, + €5y),

in the g-phase (A.34)
bye =0, by =0, atAg, (A.35)
Ny - kVbgy = N - kg Vg, +ngiky,  bgy = by, at Ag

(A.36)
(PCy) Ve Vb =k Vg — &, (¢ +¢f2), in the (-phase
(A.37)
Ny - kZVb(g = Ny - kstsg, bgy = bsg7 at A/;s (A38)

=k Vb, — ¢, ( e+ c), in the s-phase (A.39)
Periodicity: by (r + ;) = by, (r),
bye (r + [;) = by(r),

<bfg>[ =0, <bgg>g =0,

byg (r + ;) = by, (r),
i=1,2,3  (A40)

Average: (by)* =0

We have adopted the following notations
ky
Che = 75 / N - Vbg, d4
Age

s _k w k
ng = ?g A ‘ N - vbgg d4 = 7Cs§ — ?g ‘/A llgsdA (A42)

g

.k
?z = l l’lgg . Vb[g d.A7
V i
s _ke s
=7 | - Vbydd = —c3, (A.43)
s

sg

ks ks
=== / ng - Vbydd, cE=_ / n - Vb, d4
As v Asg
(A.44)
Problem V. V(7,)" mapping

(PCp)gVe - Vbgr =k, V7by — &' (c5 + ¢), in the g-phase
(A.45)

bgg = 0, bgg = 0, at Agg (A46)
N - kSVbS/ = D - kngg[7 bgi = bsh at Ags (A47)
(PCp) Ve - Vi + (pCy) Ve = ke Vbyy — &' (eff + ¢fy),
in the /-phase (A.48)
N -k Vby = ng - k,Vby — ngky, by = by, at Ay
(A.49)

=k V?by — 7' (¢ + ¢¥), in the s-phase (A.50)

Periodicity: by (r + 1;) = bu(r), bye(r + [;) = by (1),
by(r+ ;) =by(r), i=1,2,3 (A.51)
Average: (by) =0, (by)® =0, (by)’=0 (A.52)

We have adopted the following notations

gl_i/ N - ng/dA

S k S,
G =3 | e Vbgdd = —cf (A.53)

k
Cg% = —[ / n[g . Vbu dA,
/ v e

. ke
(; = / ny - vbu d4 = *cz? *;[ n[sdA (A54)
Ags Ass

w ks [
S(/ = / ng - VbsydA, C:? = ; / g - VbsgdA
Asg

(A.55)

Problem VI. V(T,)* mapping
(pCp)gVe - Vbys =k, Vb — (c“ +c&), in the g-phase
(A.56)
bgs = 0, bgs = 0, at Agg (A57)
Ny - kK Vb = ngg - kg Vbyg — gk, by = by, at Ay
(A.58)
(pC,) Ve Vby =k Vb — &7 (¢ 4+ ¢%), in the (-phase
(A.59)
ng - kZVbls =Ny - kSVbSS + nlsk57 bls = bss: at Aé‘s
(A.60)

=k Vb — &' (¢ +¢), in the s-phase (A.61)

Periodicity: by(r + 1;) = bys(r),  bes(r + 1;) = by (1),
b(r+ 1) =by(r), i=123 (A.62)
Average: (by) =0, (b)®=0, (by)’=0 (A.63)
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We have adopted the following notations

cg‘ 7—/ ny - Vby d4,

Appendix B. Definitions of the effective transport coeffi-
cients

Thermal dispersion tensors
(T,)%-equation:

k.
Kee = Sgkgl+7g/A Ngbyy dA — (pC,),(Vebgg) (B.1)

gs

Ky = 7g ngby d4 — (pC, ) (Vebgr) (B.2)
Ags
ke
Ky = v, Ny by dd — (pCp), (Vebys) (B.3)
g
(T,)"-equation:
ke .
Ky, = 7 by d4 — (pC,) (Vibyy) (B-4)
Ags
ke [ -
Ky = erkd + 7 ngbyd4 — (pC,),(Vibe) (B.5)
J g
ke -
Kgs V ngsb[s dA — (pCp)[<nggs> (B6)
Ays
(T:)*-equation:
ks ks
ng = ; n ns[bsgdA + ; » nsgbsgdA (B7)
ks ks
KS/ = — / nS/bS[dA +— / nsgbs[dA (Bg)
v Ase v Asg

Ko — el + 2 / nubydAd 4+ / ngbedd  (BY)
an v,

sg

Velocity like coefficients
(T,)%-equation:

Uy = 5, + ¢ (B.10)

uy = ¢y +ch (B.11)
Uy = el + ¢ (B.12)
i = (pCp)y(Vesi) — /A ng,sy; d4 (B.13)

(B.14)

a = (pC )(vs) g/ngssgdA (B.15)

V )i
<Tg)[-equation:

ue = ¢+ (B.16)

uy = cf 4+t (B.17)

W = cf;sg + ¢ (B.18)

~ ke [

= (oG i) =5 [ meda =5 [ masiaa

m V' Jay,
(B.19)
¢ N ¢

dgi = (PCp)4<V/Sgi> — V | ﬂ/sSgIdA (B20)

Is
¢ SN ‘
di = (pCo)(Vesg) — 77 | Mussgdd (B.21)
' 4 Ags
(T:)*-equation:

U, = c“ +e (B.22)

uy = ¢ + ¢ (B.23)

u, =c +c (B.24)

ks / ks /

&, =—— | nysjdd—— [ ngs)d4 B.25
i V@” VAsggz ( )
s kS S kS

dgi = 7; /As[ nsgSgidA — V /Asg nsgs d4 (B26)

—— / nysgdAd — — / s, dA4 (B.27)
Asg

Appendix C. Results for one-dimensional unit cells

The six closure problems previously listed that provide
the effective properties of the three-equation model can be
solved numerically according to previous development
for two-equation models, see for instance Quintard et al.
[53]. Following Chella et al. [20], a direct numerical sim-
ulation of the two-phase flow at the pore-scale can be
used to provide the required velocity field and the inter-
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face position. Analytical solutions of closure problems
are also available in the case of simple unit cells. In this
section, some analytical results for effective properties are
presented for stratified systems and Chang’s unit cells.
Obviously, these unit cells cannot capture all the feature
of a real system, for instance the effect of the velocity field
and the complex topology of both liquid—vapor interface
and solid boundary. However, these simple unit cells are
instructive and allow to illustrate the behavior of the ef-
fective transport coefficients.

C.1. Stratified unit cell

The six closure problems were solved analytically for
the stratified unit cell represented in Fig. 10 following
the methodology outlined in [52]. Phases repartition of
such a unit cell are the s—/—g configuration and the s—g—¢
configuration. The first refers to liquid being the wetting
phase while the latter refers to liquid being the non-
wetting phase. The characteristic length of the unit cell
H is defined according to the thickness of the strata ¢, ¢,
and ¢, by H = ¢, + {, + {;. The volume fractions of the
three phases are given by ¢, =e¢H, (¢, =¢,H and
by = eH.

In this paper, we focus on the s—g—¢ configuration,
corresponding results for the other configuration can be
obtained easily with subscript permutation. The flow
is assumed to be laminar and it corresponds to a co-
current liquid—vapor flow along the x-axis. The velocity
profiles corresponding to the s—g—¢ configuration can be
expressed as

ug:%(xsﬁ&)z—n(%)z) (C.1)

LY

IR

ol

o~

<>
Cs D
- @ U
Co D
()

PSS oSS

Fig. 10. Stratified unit cell—s—g—¢ configuration.

_ 3<”£">€ 2 y\?
= 267 + 3egh g (65 + 2¢0) 6 ey (260 + ) 4(ﬁ>

(C2)

where 1,, = 1,/n, denotes the viscosity ratio. These ve-
locity profiles are plotted in Fig. 11 for #,, > 1. Solu-
tions of the closure problems IV, V, VI for the mapping
vectors leads to the following dimensionless form of the
non-traditional convective coefficients

H(dy), _ 2 erke
kq 5 (267 + 3egn (260 + £g) )y

SgPEg (C3)

H(d& 2egices (Teg + 15¢,) — 362
(), _ 1 2 (7e ) — 35 cgPey (C.4)
ky 10 (26, + 3&0) (3, + 4esicys)

H(d5), 1 3eg(5e0 + 38,)

X — g Pe,
kg 10 (265 + 36,)(3eg + 4esks)

(C.5)

and for this particular geometry we found analytically
that

(), = (dp), (ug), = (d5),,  (uy), = (d5),  (C6)

The transport coefficients which are not listed are equal
to zero. In these equations, «, represents the conduc-
tivity ratio k,/k, and the cell Péclet number Peg is defined
as

MB>BH
kg

Py = (pCy)y p=et )

We recall that Stokes equations have been used in the
calculation of the velocity fields, thus the Péclet number
is the only relevant dimensionless parameter rather than
independent Reynolds and Prandtl numbers as was
outlined in [57]. One can also determine the dominant

Ay

~—Cr

R A
R

i
o

vy &

Fig. 11. Velocity profiles for the s—g—¢ configuration.
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thermal dispersion tensor from Eq. (B.1) and the cou-
pling thermal dispersion tensors from Egs. (B.2) and
(B.3), the results are given below
(Kgg)xx —¢ 1 3 Fg(()gﬁ + 358{(1 - 85)) 82 62
ky b 2800 (2¢, + 36,)(3e, + deky) © ©
1 eokas (9987 + £0(3508, + 315¢)) 2pe
2800 (2e, 4 360)*(3eg + deskg)  ° C

(C.8)
(Kge),, _ 82 (C9)
kg &g+ &gk
4
(Ker) o _ ecke 1+ L & S aﬁPef
ky kg 175 (2¢2 + 3egh (280 + &) '
(C.10)
(KN)W ok
— = C.11
(Kgs)w _ (ng)yy _ Eg&s (C12)
ky kq &g+ &y
Kss o8
K)y _ 2 (C.13)
kg Kgs
KSS ) 2
Koy __ & (C.14)
kg &g T &g

Finally, we give below the dimensionless form of the
heat exchange coefficients that appears in the macro-
scopic equations (54)—(56)

HHE _ 12

C.15
kg Sikg ( )
H2h§f _ 24(3eg + 2e4Kys) (C.16)
ky &g (36g + deskys) '
Hhg 72
g = 1
kq 3eg + degicy (C17)
H* g —48
L= C.18
kg 3eg + desicys ( )
HhE 24 (C.19)

kg a 3e, + degicy

Here again the transport coefficients which are not
listed are equal to zero.

C.2. Chang’s unit cell
Analytical results have also been obtained for the

three-phase version of the Chang’s unit cell [19] shown
in Fig. 12. The radii r; and r, corresponding to the s—g—¢

Fig. 12. Chang’s unit cell.

configuration are defined by r =R,/ and r =
R./es F¢,, where R is the characteristic length of the unit
cell. Details concerning the methodology of resolution
of the closure problems can be found in Quintard and
Whitaker [58]. Here, we give only the results concerning
the dimensionless form of the heat transfer coefficients
corresponding to the s—g—¢ configuration:

hiR —8e2k; (C.20)
kg kg(b'((S[ + 2) +41In vV 1-— 84)

hngz _ 86,y (eg(16gs — 2) +4(1 — &) &)
ke ey((eg — 260 Ko — deg) +4(e2 (kg — 1) + (1 — &)
(C.21)

hgR® 166, (6, — 26:8)
ke ey((eg — 260 Kegs — dey) +4(e2 (kg — 1) + (1 —80)*)E
(C.22)

—8e,(eg — 265) — 3262¢
ke &g (g — 265)Kgs — deg) +4(e2 (ks — 1) + (1 - “‘é)z)é
(C.23)

—8ey(eg + 265) +3265(1 — )&
ke ey((g — 26 — deg) +4(2 (kg — 1) + (1 — &))<
(C.24)

Here the parameter ¢ is defined as

1—8[
&s

E=1In

Despite the simplicity of the Chang’s unit cell, the
expressions for the heat exchange coefficients are more
complicated than those corresponding to the stratified
medium and they correspond to a more relevant physi-
cal description. Indeed, when evaporation or conden-
sation occurs, the liquid volume fraction changes and
the Chang’s unit cell takes into account the change in the



F. Duval et al. | International Journal of Heat and Mass Transfer 47 (2004) 613-639 637

liquid-vapor exchange area per unit volume while the
stratified unit cell considers constant exchange area per
unit volume for all the values of the liquid volume
fraction.
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